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Abstract
We give a microscopic explanation for the recently observed equivalence among ther-
modynamics of supergravity solutions for Dp-branes with or without NS B-field and
for D(p−2)-branes with vanishing B-field and two delocalized transverse directions by
showing that these D-brane configurations are related to one another through T -duality
transformations. This result also gives an evidence for the equivalence among the non-
commutative and the ordinary Yang-Mills theories corresponding to the decoupling
limits of the worldvolume theories of such D-brane configurations.
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1 Introduction
Recently, much attention has been given to noncommutative Yang-Mills theory (NCYM),
after it is realized that NCYM arises naturally in a specific compactification of the ma-
trix theory [1] and in string theories as decoupling limits of the worldvolume theories
on D-branes in nonzero B-field background [2, 3]. It is argued [3] that NCYM and
the ordinary Yang-Mills theory (CYM) arise from the same field theory regularized
in different ways. The gauge fields of NCYM and CYM are related [3] by requiring
the equivalence of the gauge transformations of the two theories. The evidence for the
equivalence between the large N limit NCYM and CYM was also given in Refs. [4, 5].
In the spirit of the holographic principle [6, 7, 8], the bulk supergravity dual de-
scription of NCYM was studied in Refs. [9, 10, 11]. In accordance with the conjec-
tured equivalence between NCYM and CYM, it is found out that thermodynamics
of near-extremal Dp-branes with nonzero B-field coincides exactly with that of the
corresponding Dp-brane without B-field [10, 11, 12, 13, 14]. By observing that the
near horizon geometry and thermodynamics of the supergravity solution for the Dp-
brane with nonzero B-field are identical to those of the supergravity solution for the
D(p − 2)-brane with vanishing B-field and two of its transverse coordinates delocal-
ized, it is further argued [15, 16] that NCYM in p + 1 dimensions and CYM in p − 1
dimensions are equivalent.
It is the purpose of this paper to give a microscopic explanation for the equivalence of
thermodynamics of various supergravity solutions for the D-brane systems mentioned
in the above. We relate such supergravity solutions to microscopic D-brane systems
through the boundary state formalism and show that such D-brane systems are related
to one another through T -duality transformations, implying that the number of micro-
scopic degrees of freedoms of the above mentioned different D-brane configurations are
mapped one-to-one to one another under the T -duality transformations. We begin by
reviewing the relevant ideas and elaborating on their connection in section 2, for the
purpose of preparing for the discussion of the main result of this paper. In section 3,
we show that various D-brane systems whose thermodynamics are shown to coincide
with one another are related under the T -duality transformations.
2 General Properties
The bosonic action for an open string ending on a Dp-brane in the constant NS B-field
background can be written in the following form:
S =
1
4πα′
∫
d2ξ
[√−hhαβgµν∂αXµ∂βXν − ǫαβFij∂αX i∂βXj] , (1)
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by going to the gauge in which the NS B-field takes the form B = BijdX
i ∧ dXj
(i, j = 0, ..., p) [17]. Here, Fij ≡ Bij + ∂[iAj], Ai is the U(1) gauge field living on
the Dp-brane worldvolume and ξα = (τ, σ) is the string worldsheet coordinates. By
applying the gauge transformation Bij → Bij + ∂iΛj − ∂jΛi and Ai → Ai − Λi, under
which the action (1) is invariant, one can set Ai equal to zero, which we assume from
now on. In the hαβ = ηαβ gauge with constant gµν and Bij , the variation of the bosonic
open string action (1) with respect to the string coordinates Xµ yields the the following
boundary conditions at the ends σ = 0, π of the open string:
gij∂σX
j +Bij∂τX
j = 0, i, j = 0, 1, ..., p,
δXa = 0, a = p+ 1, ..., 9. (2)
The string propagator with this boundary conditions takes the following form [18, 19, 3]:
〈X i(z)Xj(z′)〉 = −α′
[
gij ln
|z − z′|
|z − z¯′| +G
ij ln |z − z¯′|2 + 1
2πα′
θij ln
z − z¯′
z¯ − z′
]
, (3)
where z = τ + iσ and
Gij =
(
1
g +B
)ij
S
=
(
1
g +B
g
1
g − B
)ij
,
θij = 2πα′
(
1
g +B
)ij
A
= −2πα′
(
1
g +B
B
1
g − B
)ij
, (4)
where the subscripts S and A respectively denote the symmetric and the antisymmetric
parts of the matrix. Gij is interpreted as the effective metric seen by the open strings
and θij has the interpretation as the noncommutativity parameter as can be seen from
the following time ordered commutation relation that follows from Eq. (3):
[X i(τ), Xj(τ)] = T
(
X i(τ)Xj(τ−)−X i(τ)Xj(τ+)
)
= iθij . (5)
So, the end-points of the open string target space coordinates associated with non-
zero components of the constant B field live in noncommutative space. Namely, in
the presence of nonzero B-field, the D-brane worldvolume becomes noncommutative.
This result was also obtained by the quantization of X i through the analysis of the
time-averaged symplectic form on the phase space [20] or through the Dirac bracket
quantization procedure [21]. (See also Refs. [22, 23, 24].)
D-branes can be alternatively described by the “boundary states” [19, 25] of the
“close-string channel” description. The “open-string channel” and the “closed-string
channel” descriptions of D-branes are mapped to one another through τ ↔ σ, under
which an open string one-loop diagram and a closed string tree diagram are inter-
changed. The boundary state is given by the product of a matter and a ghost parts,
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each of which is expressed as the product of the bosonic and the fermionic parts. The
GSO projection selects specific linear combinations of such boundary states separately
for the NS-NS and the R-R sectors. In this paper, we will be mainly concerned with
the bosonic matter part |BX〉 of the boundary state. By applying the transformation
τ ↔ σ (followed by an appropriate rescaling of τ and σ) to the boundary conditions
(2) on an open string, one obtains the following conditions on |BX〉 at τ = 0:
(∂τX
i +Bij∂σX
j)|τ=0|BX〉 = 0, i, j = 0, 1, ..., p,
(Xa|τ=0 − xa)|BX〉 = 0, a = p + 1, ..., 9. (6)
In the nonzero B-field background with some of coordinates compactified on a torus,
the oscillator expansion for the closed string target space coordinates is
Xµ = xµ + wµσ + τgµν(pν −Bνρwρ) + i√
2
∑
n 6=0
[
αµn
n
e−in(τ−σ) +
α˜µn
n
e−in(τ+σ)
]
, (7)
where wµ is zero for noncompact directions and we assume that only the longitudinal
components Bij of the two-form potential are nonzero. So, the conditions (6) on |BX〉
at τ = 0 in terms of the oscillator modes take the following forms:
pˆi|BX〉 = 0, (xˆa − xa)|BX〉 = 0,[
(1+B)i jα
j
n + (1−B)i jα˜jn
]
|BX〉 = 0,
(αan − α˜a−n)|BX〉 = 0, wˆa|BX〉 = 0, (8)
where 1 is the (p+ 1)× (p+ 1) identity matrix.
We now discuss the T -duality transformation [26] of closed string theory on T d and
its effect on D-brane configurations. The T d part of the canonical Hamiltonian of the
closed string is
H =
1
4πα′
∫ 2pi
0
dσ (X ′ 2πα′P )M(E)
(
X ′
2πα′P
)
, (9)
where the matrix M(E) determined by E = g +B is given by
M(E) =
(
g − Bg−1B Bg−1
−g−1B g−1
)
, (10)
X ′ = ∂σX and P = (g∂τX + B∂σX)/(2πα
′) is the conjugate momentum. It appears
from Eq. (9) that the Hamiltonian has the O(d, d,R) symmetry, but since the eigen-
values of the operators wˆi and pˆi in the mode expansion (7) take integer values due to
the periodicity condition X i ∼ X i + 2π of the compactified coordinates actually the
Hamiltonian is invariant only under the O(d, d,Z) subset 2.
2The Hamiltonian for the open string has the same form (9) in terms of the string coordinates and
the conjugate momentum and therefore appears to have the same symmetry as the closed string case.
However, the O(d, d,Z) target space duality symmetry is not a symmetry of the open string due to
the absence of the winding modes.
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Under the O(d, d,Z) transformation with the transformation matrix
(
a b
c d
)
∈
O(d, d,Z), the background fields and the oscillator modes transform as
E → E ′ = (aE + b)(cE + d)−1,
αn(E) → (d− cET )−1αn(E ′), α˜n(E)→ (d+ cE)−1α˜n(E ′). (11)
Note, this transformation is valid also for the n = 0 case, where the oscillator modes
are defined as
α0(E) ≡ 1√
2
G−1(p−Ew), α˜0(E) ≡ 1√
2
G−1(p+ ETw). (12)
By making use of the equivalence between the closed-string and open-string channel
descriptions of D-branes through boundary states, we study the effect of T -duality
symmetry of closed string theory on D-branes. For this purpose, it is convenient to
divide the closed string coordinate mode expansion of the form (7) into the left-moving
and the right-moving parts as X = 1
2
(X− +X+) with
X− = x+
√
2(τ − σ)α0 + i
√
2
∑
n 6=0
αn
n
e−in(τ−σ),
X+ = x+
√
2(τ + σ)α˜0 + i
√
2
∑
n 6=0
α˜n
n
e−in(τ+σ), (13)
where the zero modes α0 and α˜0 are defined in Eq. (12). The effect of the O(d, d,Z)
symmetry transformation of the closed string theory on the open-string channel can be
inferred by noting the map τ ↔ σ (and therefore ∂τ ↔ ∂σ) that connects closed and
open string channel descriptions of D-branes. The O(d, d,Z) T -duality transformation
(11) is generated by the following transformations:
• Factorized dualities Di: (
a b
c d
)
=
(
Id − ei ei
ei Id − ei
)
, (14)
where Id is the d × d identity matrix and the d × d matrix ei has zero entries
except for the (i, i)-component which is 1. When the B-field is zero and g is
diagonal, i.e. g = diag(R21, ..., R
2
d), the factorized duality Di acts as the well-
known large and small radii duality on the i-th coordinate, i.e. Ri → 1/Ri while
the remaining radii unchanged. The oscillator modes transform 3 as αin → − 1R2
i
αin
3The extra factor of 1/R2
i
in the oscillator mode transformation is due to our choice of gauge in
which the periodicity of the coordinates X is fixed to be 2pi and all the information on the size and
the shape of the torus is encoded in the background field E = g + B. We have chosen such gauge
because we wish to consider the general constant background fields g and B.
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and α˜in → 1R2
i
α˜in, meanwhile the remaining modes α
j
n and α˜
j
n (j 6= i) remain
unchanged. This implies the transformation ∂τX
i ↔ ∂σX i on the i-th closed
string coordinateX i. From the correspondence between the open string boundary
conditions (2) and the conditions (6) on the boundary states, one can see therefore
that the Dirichlet and the Neumann boundary conditions of the i-th open string
coordinate are interchanged. For a general background E = g + B, although E
transforms in more complicated way, the oscillator modes transform similarly as
the diagonal E case, namely αin → − 1giiαin and α˜in → 1gii α˜in with the remaining
modes unchanged, and therefore ∂τX
i ↔ ∂σX i. So, the factorized dualities
generally correspond to the usual T -duality transformations that transform Dp-
brane into D(p± 1)-brane.
• Basis change of the compactification lattice Λ, i.e. E → AEAT with A ∈
GL(d,Z): (
a b
c d
)
=
(
A 0
0 (AT )−1
)
s.t. A ∈ GL(d,Z). (15)
Under this transformation, the background fields and the oscillator modes trans-
form as
g → AgAT , B → ABAT , αn(E)→ ATαn(E ′), α˜n(E)→ AT α˜n(E ′). (16)
So, the derivatives of closed string coordinates transform as
∂τX → AT∂τX, ∂σX → AT∂σX, (17)
implying that the worldvolume dimensionality of a D-brane does not change
under the GL(d,Z) transformation. We see therefore that the D-brane system
with the constant g and B and the associated NCYM are equivalent to those
with AgAT and ABAT , where A ∈ GL(d,Z).
• Integer “Θ”-parameter shift of E, i.e. Eij → Eij +Θij with Θij = −Θji ∈ Z:(
a b
c d
)
=
(
Id Θ
0 Id
)
s.t. ΘT = −Θ. (18)
Under this symmetry, the background fields and the oscillator modes transform
as
g → g, B → B +Θ, αn(E)→ αn(E ′), α˜n(E)→ α˜n(E ′). (19)
implying that closed string coordinates remain unchanged in the form X =
1
2
(X− + X+), meanwhile the B-field shifts by the integer-valued antisymmetric
matrix Θ as B → B+Θ. So, NCYM associated with Dp-brane with constant B is
equivalent to NCYM associated with Dp-brane with B +Θ. In particular, CYM
associated with Dp-brane without B-field is equivalent to NCYM associated with
Dp-brane in the integer-valued B-field background.
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3 Dp-Brane with Rank 2 B Field and (D(p− 2),Dp)
Bound State
In this section, we restrict our attention to the case of Dp-brane with the rank 2 NS
B-field and gµν = ηµν . We choose the non-zero component of the B-field to be Bp−1,p.
In this case, the boundary condition (2) for the open string takes the following form:
∂σX
i = 0, i = 0, 1, ..., p− 2,
∂σX
i′ +Bi′j′∂τX
j′ = 0, i′, j′ = p− 1, p,
δXa = 0, a = p + 1, ..., 9. (20)
In the corresponding closed-string channel description of such D-brane configuration,
the condition on the bosonic matter boundary state at τ = 0 is
∂τX
i|τ=0|BX〉 = 0, i = 0, 1, ..., p− 2,
(∂τX
i′ +Bi′j′∂σX
j′)|τ=0|BX〉 = 0, i′, j′ = p− 1, p,
(Xa|τ=0 − xa)|BX〉 = 0, a = p+ 1, ..., 9. (21)
The boundary condition of the form (20) can also be achieved by rotating a D(p− 1)-
brane in the plane defined by one of its longitudinal direction (say, Xp−1) and one of its
transverse direction (say, Xp) and then applying the T -duality transformation along
the Xp-direction. The rotation angle θ is then related to the B-field as Bp−1,p = tan θ.
To obtain the long distance behavior of the massless bosonic fields in closed string
states interacting with the D-brane, we project the boundary state onto the massless
bosonic states [27, 28]. Namely, the long distance fluctuation of a field Ψ in the closed
string spectrum is given by δΨ = 〈P (Ψ)|D|B〉NS,RR, where P (Ψ) is the projector for the
field Ψ, D = α
′
4pi
∫
|z|≤1
d2z
|z|2
zL0−az˜L˜0−a (a = 1/2 in the NS-NS sector and a = 0 in the
R-R sector) is the closed string propagator and |B〉NS,RR is the boundary state for the
NS-NS or the R-R sector of the closed string. The resulting long distance fluctuation
behavior of the massless bosonic fields is
δφ =
3− p+ 2 sin2 θ
2
√
2
nTp
Vp+1
k2⊥
,
δhµν = nTp
Vp+1
k2⊥
diag(−A,A, ...,A,B,B,C, ...,C),
δBp−1,p =
sin 2θ√
2
nTp
Vp+1
k2⊥
,
δA
(p−1)
01...p−2 = ±
√
2nTp sin θ
Vp+1
k2⊥
,
δA
(p+1)
01...p = ±
√
2nTp cos θ
Vp+1
k2⊥
, (22)
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where Tp =
√
π(2π
√
α′)6−p is the tension of a Dp-brane with the unit brane charge,
Vp+1 is the volume of the Dp-brane worldvolume, k
2
⊥ =
∑9
a=p+1 k
2
a is the square of the
transverse momentum and
A = (p− 7− 2 sin2 θ)/8, B = (p− 7 + 6 sin2 θ)/8, C = (p+ 1− 2 sin2 θ)/8. (23)
Here, we multiplied the entire boundary state by an overall factor n, which has to be an
integer due to the Dirac quantization condition, so that the D-brane can take arbitrary
R-R charge. To express the long distance behavior of the massless fields in ordinary
space, rather than in momentum space, we apply the following Fourier transformation,
valid for p < D − 3:
∫
dp+1xdD−p−1y
eik⊥·y
(D − p− 3)rD−p−3ΩD−p−2 =
Vp+1
k2⊥
, (24)
where r =
√
yaya is the radial coordinate of the (overall) transverse space and Ωn =
2π(n+1)/2/Γ((n + 1)/2) denotes the area of a unit n-sphere Sn. And then one has to
rescale the fields in the following way so that the fields can be canonically normalized:
ϕ =
√
2κφ, gµν = 2κhµν , Bµν =
√
2κeϕ/2Bµν , A =
√
2κA, (25)
where κ is the ten-dimensional gravitational constant and A denotes A(p−1) or A(p+1).
The resulting long distance behavior of the massless fields exactly reproduces the
asymptotic behavior of the following Einstein-frame supergravity solution for the non-
threshold Dp- and D(p− 2)-brane bound state constructed in Ref. [29]:
gµνdx
µdxν = H−
7−p
8 h−
1
4
[
−dt2 + · · ·+ dx2p−2 + h(dx2p−1 + dx2p)
]
+H
p+1
8 h−
1
4
[
dy21 + · · ·+ dy27−p
]
,
e2ϕ = H
3−p
2 h, B = (1−H−1)h cos θ sin θ dxp−1 ∧ dxp,
A(p−1) = ±(1−H−1) sin θ dt ∧ · · · ∧ dxp−2,
A(p+1) = ±(1−H−1)h cos θ dt ∧ · · · ∧ dxp, (26)
where H = 1 + 2κnTp
(7−p)Ω8−p
1
r7−p
and h−1 = cos2 θ + H−1 sin2 θ. So, we see that the Dp-
brane with the rank 2 constant B-field is described in long distance region by the Dp-
and D(p− 2)-brane bound state.
Just by considering the boundary condition (20) on the open string coordinates,
it appears that the B-field component Bp−1,p or the rotation angle θ can take an
arbitrary value. However, it turns out that Bp−1,p = tan θ can take only discrete values
determined by the Dirac quantization condition for the brane charge (density). From
Eq. (22), one can see that the charge densities for the D(p − 2)- and the Dp-branes
are qp−2 = ±
√
2V2nTp sin θ and qp = ±
√
2nTp cos θ, where V2 is the volume of the
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(xp−1, xp)-plane, which is transverse to the D(p− 2)-branes but is longitudinal to the
Dp-branes. Since the charge density of Dp-brane takes only values which are integer
multiples of the fundamental Dp-brane charge density given by µp =
√
2
√
π(2π
√
α′)3−p,
we see that qp = Np
√
2
√
π(2π
√
α′)3−p, where Np ∈ Z is the total number of Dp-branes.
We note that the relative transverse directions xp−1 and xp, which are transverse to the
D(p − 2)-branes, are delocalized and therefore there are infinitely many fundamental
D(p − 2)-branes (with the charge density µp−2 =
√
2
√
π(2π
√
α′)1−p) packed on the
(xp−1, xp)-plane. However, there are finite numbers (say np−2) of D(p− 2)-branes per
(2π
√
α′)2 area of this 2-plane (Cf. Refs. [30, 31]). So, the total number of D(p − 2)-
branes is Np−2 = np−2V2/(2π
√
α′)2 and the total charge density is qp−2 = Np−2µp−2.
(The total number Np−2 of D(p− 2)-branes is finite [infinite], if the volume V2 of the
2-plane is finite [infinite].) Making use of these facts, we see that the allowed values of
the B-field are restricted by the Dirac quantization condition as
Bp−1,p = tan θ =
qp−2
qp
1
V2
=
np−2
Np
(np−2, Np ∈ Z). (27)
Note, this is valid whether the volume V2 is finite or infinite.
Since the (rank 2) B-field can take only rational values, one can always set its non-
zero components equal to zero by applying the (integer-valued) T -duality transforma-
tions, as we explain in the following. We consider only the relevant 2-dimensional part
of the Dp-brane worldvolume associated with non-zero components Bp−1,p = −Bp,p−1 =
np−1/Np of the B-field, i.e. we consider the O(2, 2,Z) T -duality transformation. The
first step is to make the B-field take an integer value by applying the T -duality trans-
formation with the O(2, 2,Z) matrix of the form (15). We can achieve this, for example,
by choosing the entries of the GL(2,Z) matrix A in Eq. (15) to be integer multiples of
Np. The second step is to transform away the resulting integer valued non-zero B-field
components by applying the integer “Θ”-parameter shift T -duality transformation with
the transformation matrix of the form (18). We choose the 2×2 antisymmetric matrix
Θ in Eq. (18) to be the negative of the B-field transformed through the first step.
We note that the T -duality transformations that we applied in the above steps do not
change the worldvolume dimensionality of the D-brane. So, we have related a Dp-brane
system with constant rank 2 B-field to a Dp-brane system without B-field. This result
implies the equivalence between the NCYM and CYM associate with such D-brane
systems. This result also explains the microscopic origin of the equivalence between
the thermodynamics of the supergravity solutions for Dp-branes with nonzero B-field
and those with vanishing B-field [10, 11, 12, 13, 14, 16]. Namely, the microscopic de-
grees of freedom of such brane configurations responsible for the thermodynamics are
mapped one-to-one under the T -duality transformation mentioned above.
We notice from the above that different Dp-brane systems with the non-zero B-field
component Bp−1,p = tan θ = np−2/Np with the fixed number Np of Dp-branes but with
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the different number densities np−2 of D(p−2)-branes (and therefore different values of
Bp−1,p or θ) can be mapped under the T -duality transformations to the same number of
Dp-branes without the B-field. Therefore, the stringy microscopic degrees of freedom
for these different D-brane systems are in one-to-one correspondence under the T -
duality transformations. This gives the microscopic explanation for the θ independence
of the thermodynamic quantities for the nonextreme supergravity solutions for the
(D(p−2),Dp) bound states, which was previously observed in Refs. [10, 11, 12, 13, 14].
In particular, this implies the equivalence of the two extreme limits corresponding to
the cases θ = 0 and θ = π/2 to the case with a finite nonzero θ. The θ = 0 case is
just the Dp-branes without B-field, i.e. Bp−1,p = tan θ = 0. In the θ = π/2 case (i.e.
Bp−1,p = tan θ = ∞), there are infinitely many D(p − 2)-branes per (2π
√
α′)2 area of
the (xp−2, xp)-plane, i.e. np−2 = ∞. In this case, the second term in the second line
of the open string boundary condition in Eq. (20) dominates, thereby the boundary
condition (20) becoming that of open strings attached to D(p− 2)-branes. From this,
one can see the equivalence of the system of Dp-branes with nonzero constant rank
2 B-field and the system of infinitely many D(p − 2)-branes densely stacked on the
2-dimensional plane in the transverse space (thereby the D(p − 2)-branes becoming
delocalized on the 2-plane), which was previously conjectured [32, 33, 34, 35].
We comment on the decoupling limit of the D-brane worldvolume theories. The
NCYM decoupling limit is defined as the limit in which α′ ∼ ε 12 → 0 and gij ∼ ε→ 0
such that Gij and θij in Eq. (4), including BSW = B/(2πα
′), are held fixed [3]. (Note,
the difference in the convention of the B-field Bij in this paper from the one BSW ij in
Ref. [3].) So, in the NCYM decoupling limit, the B-field behaves as
Bp−1,p = tan θ =
np−2
Np
=
b˜
α′
, (28)
with α′ → 0 and the noncommutative parameter b˜ held fixed. So, in order for the
noncommutative effect on the D-brane worldvolume to survive in the decoupling limit,
Bp−1,p and therefore the number density np−2 of D(p− 2)-branes have to go to infinity.
The total number of the D(p− 2)-branes is given by Np−2 = np−2V2/(2π
√
α′)2. Note,
the NCYM decoupling limit condition on the coordinates xp−1,p of the supergravity
solution (26) is xp−1,p =
α′
b˜
x˜p−1,p such that x˜p−1,p are held fixed [9, 36, 11]. So, the
total number of D(p− 2)-branes is reexpressed as
Np−2 = α
′nn−2V˜2/(4π
2b˜2), (29)
where we used the relation V˜2 =
(
α′
b˜
)2
V2. From Eq. (28), we see that the D(p − 2)-
brane number density goes to infinity as nn−2 ∼ 1/α′. So, even if the D(p− 2)-brane
number density np−2 diverges in the NCYM decoupling limit, the total number Np−2
of the D(p − 2)-branes can be finite, if V˜2 < ∞. As pointed out in the above, in
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the np−2 → ∞ limit the open string boundary condition (20) reduces to that for the
open string ending on D(p − 2)-brane, meaning that the long distance behavior of
the massless bosonic fields in the closed string states interacting with such D-brane
system, obtained from the boundary state through the projection, reproduces that of
the supergravity solution for the D(p−2)-branes. Therefore, in the NCYM decoupling
limit, the system of Dp-branes with rank 2 constant B-field reduces to the system of
Np−2 numbers of D(p− 2)-branes, which are densely packed on the 2-plane associated
with non-zero components of the B-field, implying the equivalence of NCYM in p + 1
dimensions and CYM with the gauge group U(Np−2) in p−1 dimensions [16]. The rank
Np−2 of the gauge group is determined by Np, b˜ and V˜2 through Eqs. (28) and (29).
When V˜2 =∞, the total number Np−2 of the D(p− 2)-branes is infinite and therefore
NCYM in p + 1 dimensions is equivalent to CYM with the gauge group U(∞) in
p − 1 dimensions [15], as pointed out in Ref. [16]. The equivalence of the various
D-brane configurations connected through the T -duality transformations, on which we
elaborated in the previous paragraphs, therefore gives a microscopic explanation for
the equivalence among the following gauge theories: (i) CYM in p + 1 dimensions
associated with the decoupling limit of Dp-branes without B-field, (ii) NCYM in p+1
dimensions associated with the NCYM decoupling limit of Dp-branes with nonzero
constant rank 2 B-field, (iii) CYM with the gauge group U(Np−2) or U(∞) in p − 1
dimensions.
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